Abstract. Within the framework of the interacting fluid formalism, we provide the numerical solution to the Boltzmann equation describing the evolution of an inflaton field coupled to radiation. We study the behavior of the system during the slow-roll regime, in the case in which an additional stochastic source term is included in the set of equations, and we recover the expression for the cosmological perturbations previously obtained in the Warm inflation scenarios.
Introduction
The mechanism of inflation [1] [2] [3] [4] [5] [6] addresses the problems of the flatness, homogeneity, and the lack of relic monopoles raised by the standard Big-Bang cosmology [7] [8] [9] , and provides an explanation to the inhomogeneities observed in the Cosmic Microwave Background Radiation (CMBR) [10] [11] [12] [13] [14] . It is usually postulated that during the inflationary period, the expansion of the Universe is driven by the potential energy of the so-called "inflaton" field. When the kinetic energy of the inflaton is no longer negligible with respect to its potential energy, the inflaton decays into lighter particles, which might be both hypothetical and Standard Model particles, and the Universe reheats and transits to a radiation-dominated epoch [15] [16] [17] [18] [19] [20] . An alternative model postulates that the decay of the inflaton field occurs during the whole inflationary period, as in Warm Inflation (WI) scenarios ( [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , see also Refs. [38] [39] [40] [41] [42] ). Other models include multi-inflaton fields [43] [44] [45] [46] [47] [48] [49] , natural inflation [50] [51] [52] [53] [54] , and chain inflation [55, 56] ; alternative mechanisms include the curvaton [57] [58] [59] [60] .
The only constraint on the reheating temperature of the Universe T RH 4 MeV, valid in both the standard and WI models, comes from the requirement that a sufficiently large population of thermal neutrinos has to be produced [61] [62] [63] [64] , since a modification of the neutrino number density would spoil the observed abundance of light elements, the observed CMBR and matter power spectra [65, 66] , and the large-scale structure.
As previously mentioned, inhomogeneities might have generated during inflation [67] [68] [69] , either as quantum fluctuations of the inflaton (standard inflation scenarios [10] [11] [12] [13] [14] ), or as thermal fluctuations (WI scenarios [21, 22] ). These cosmological fluctuations later evolve into perturbations of the matter and radiation power spectra that are observed in the CMBR. The evolution of the fields participating inflation is described by a set of coupled Boltzmann equations, whose first-order perturbation describes the evolution of inhomogeneities. To some extent, these fields can be treated as fluids, with a pressure related to the energy density by an equation of state. The formalism for interacting fluids in an expanding Friedmann-RobertsonWalker (FRW) metric has been extensively discussed in Refs. [68] [69] [70] [71] .
In this work, we present the equations describing the coupling of the inflaton to a relativistic field using the interacting fluids approach developed in Refs. [70, 71] . The equations for the bulk and the cosmological fluctuations are solved numerically and tested against the analytical approximation around the reheating period. The paper is organized as follows. In Sec. 2, we provide a numerical solution to the basic equations for the background fields, while in Sec. 3 we study the time evolution of the perturbations in the inflaton and radiation fields. Sec. 4 is devoted to the modifications induced in the equation by an additional stochastic term, which is usually considered in WI scenarios. Results are summarized in Sec. 5.
Equations for the background fields
We consider a model in which the energy density of the inflaton field ρ φ dominates the energy density of the Universe, decaying into relativistic matter with energy density ρ r at a rate Γ. We assume a FRW metric with cosmic time t and scale factor a = a(t),
If radiation thermalizes on a time scale much shorter than 1/Γ, the potential U (φ, T ) [72, 73] , that expresses the interaction between the inflaton and radiation, splits as U (φ, T ) = U (φ) + ρ r [22, 31] . Denoting the zero-th order (background) term in the perturbation with a bar over a quantity, we write the background expressions for the energy density and pressure fields asρ
where c 2 r = 1/3 describes the equation of state for relativistic matter. Under these conditions, Friedmann equations read [9] 
whereQ α is a source term describing the conversion between the species α and the other species accounted in the theory. To assure the conservation of total energy density in a co-moving volume, the sum of all source terms must satisfy
The conversion of the inflaton energy density into radiation energy density is thus described by the set of Boltzmann equationṡ
At early times t ≪ 1/Γ, the source term in the Boltzmann equation can be neglected, and the inflaton energy density is described by
For a pressure-less fluidp φ = 0, Eq. (2.7) predictsρ φ ∝ a −3 [74] . In this paper instead, we use the expressionp φ +ρ φ = 2ǫρ φ /3, where ǫ is the first slow-roll parameter defined in Eq. (4.3) below. With this expression, the energy density is constant during during φ domination as ρ φ ∝ a −2ǫ . Inserting the expressions forρ φ andp φ given in Eq. (2.2), together with the source term
into Eq. (2.6), we obtain the evolution of the inflaton and radiation fields in a FRW metric,
where U φ = ∂U/∂φ. The second line in Eq. (2.9) corresponds to the Boltzmann equation for the massive scalar field φ decaying into a massless field ξ via an interaction proportional to φ ξ 2 [20] . Here, we do not account for a microscopical model for the radiation field, which is treated as a fluid. The set in Eq. (2.9) has been often presented various time in the literature. Examples include warm inflation [25-27, 29, 34, 54] , the decay of the inflaton [75, 76] or the curvaton field [77, 78] , or the early domination of a massive scalar field [74, 79] . We solve the set of Eq. (2.9) numerically, assuming that the inflaton potential be [80]
where λ is a dimensionless parameter describing the strength of the potential, and φ 0 is the value of the inflaton field at which the potential reaches its minimum value. Initial conditions forφ and ρ r are obtained by first solving the set of Eq. (2.9) in the regimeφ ≪ Hφ anḋ ρ r ≪ H ρ r , starting from an initial configuration of the inflaton φ = φ i . In Fig. 1 , we show the energy densitiesρ φ (red solid line) andρ r (blue solid line) as a function of time t, for the values of the parameters given in Table 1 . Also shown is the Hubble rate H, multiplied by the constant φ 2 0 Γ in order to obtain the units of the energy density. Defining the reheating time t RH as the time at which
the total energy density is dominated by the inflaton energy density for t < t RH , with a constant valueρ φ ≈ U (φ i ). When t ≈ t RH , the inflaton field starts oscillating around its equilibrium value φ 0 , so we write the expansion φ = φ 0 + ϕ, where ϕ is a small perturbation. In this approximation, the inflaton potential is U (φ 0 + ϕ) ≈ λ φ 2 0 ϕ 2 , and Eq. (2.9) reads
Keeping only the leading terms in ϕ andφ, we obtain
with solution
(2.14)
The inflaton field approaches its equilibrium value φ 0 with an exponential decay; for the sake of illustration, in Fig. 2 we show a detail of the value of the inflaton field around t = t RH . The dependence of the energy density of the relativistic fieldρ r (t) ∝ t −2 is a standard result, which can also be inferred from the decoupled conservation equation, 15) and the fact that a(t) ∝ t 1/2 during the radiation epoch. From this result, it follows that the Hubble rate (the black dashed line in Fig. 1 ) is H(t) = 1/2t when t > t RH . 
Evolution of perturbations during inflation
We consider the perturbations of the FRW background metric in Eq. (2.1), described by the metric in the longitudinal gauge [67, 69] 
where Ψ parametrizes the perturbations in the metric. Eq. (3.1) is valid whenever perturbations of the total energy-momentum tensor do not give rise to anisotropic stress. Following Eqs. (2.15) and (2.17) in Ref. [70] with our notation and in the case in which the shear is zero, the expression for the perturbations in the energy density and pressure fields of a generic species α are
and
Here, a dot indicates a derivation with respect to t, δρ α and δp α are respectively the firstorder perturbations in the energy density and pressure fields of the α-fluid, c 2 α =ṗ α /ρ α , δu is the total covariant velocity perturbation, and ∇ 2 is the co-moving spatial Laplacian. Defining the Fourier transform of a generic quantity F (x, t) as
we take the Fourier transform of the equations for density and pressure perturbations, and set ∇ 2 → −q 2 . In momentum space, Eq. (3.2) for the inflaton and the radiation fields reads
The first-order perturbation of the source terms in Eq. (2.8) is 6) while the termQ Ψ q containing the perturbations in the gravitational field has already been included in Eq. (3.5) which, once the term δQ in Eq. (3.6) has been substituted, reads
For velocity perturbations, we rewrite Eq. (3.3) for the inflaton and radiation fields as
Perturbations in the gravitational field, described by the field Ψ appearing in the metric in Eq. (3.1), are described by [70] Ψ q + H Ψ q + 4π G 4 3ρ r δu rq + (ρ φ +p φ ) δu φq = 0. (3.9)
Following Weinberg [9] , the perturbations in the energy density, pressure, and velocity of the inflation field are related to the perturbations in the scalar field δφ by
(3.10)
In addition, we assume that perturbations in the radiation fluid are adiabatic, setting δp rq = c 2 r δρ rq = δρ rq /3. Combining the set in Eq. (3.10) with the expressions for the energy density and pressure fields in Eqs. (3.7), (3.8) and (3.9), we obtain [27] .
To obtain the initial conditions for δφ q and Ψ q , we perform a WKB expansion using the fact that, at early times, the term q/a(t) is much larger than H, and radiation can be neglected. Introducing the conformal time dτ = dt/a(t), we write
where f (t) and g(t) are slowly-varying functions. Substituting these expressions in Eqs. (3.11) and (3.14), and keeping the leading terms in q/a only, we obtain f ∼ a −3/2 , and g = 4π i Gφ a q f. (3.17)
Initial conditions for δρ rq and δu rq are obtained by solving Eqs. (3.11) and (3.14) for these variables, neglecting their time dependence and given the initial conditions for δφ q and Ψ q . We solve the set of Eqs. (3.11) (3.12) (3.13) (3.14) numerically using these initial conditions and the numerical solution to the background Eq. (2.9). The scale factor a(t) that appears in the set of equations is obtained as the numerical solution of the differential equationȧ = H a, where the Hubble rate H is defined by the Friedmann Eq. (2.3). In Fig. 3 , we show results for the numerical resolution of this set of equations with the values for the parameters as in Table 1 , for the values q = 0.01 (a), q = 0.1 (b), q = 1 (c).
After the reheating stage, the radiation perturbations dominate over the inflaton perturbations. The first-order perturbations in the radiation field oscillate with a frequency that increases with q. To explain this oscillatory behavior, we set Γ = 0, and we introduce the variable δ rq = δρ rq /ρ r , so that Eqs. (3.12), (3.14), and (3.15), when t > t RH are simplified aṡ (3.14) , with the parameters in Table 1 and for q = 0.01 (top figure), q = 0.1(middle figure), and q = 1 (bottom figure).
Neglecting the perturbations in the gravitational potential Ψ q , we find that both δ rq and v follow the same differential equation, 19) where x(t) expresses either δ rq or v. For a radiation-dominated cosmology, setting 20) this differential equation has solution
where x 1 and x 2 are arbitrary constants.
In Fig. 4 , we compare the solution to the expression in Eq. 4 Slow-roll regime with a stochastic source Inflation occurs if the potential U (φ) is sufficiently flat and much larger than all other forms of energy, so that the Hubble expansion rate H is constant. During this period, which is known as the slow-roll regime of the inflaton field, higher derivatives in Eq. (2.9) can be neglected,φ ≪ Hφ, andρ r ≪ H ρ r . (4.1)
In this regime, the Friedmann Eq. (2.3) and Eq. (2.9) for the motion of the inflaton field read
where we use the symbol "≃" for an equality that holds only in the slow-roll regime. Defining the slow-roll parameters,
the condition in Eq. (4.1) is met if the slow-roll parameters satisfy [24, 27, 30, 31, 54] 
We now discuss the evolution of perturbations during the slow-roll regime. In the following, we take into account the effects from both quantum and thermal fluctuations, the latter being the predominant source for perturbations in WI scenarios. For this, we introduce a stochastic noise ξ(x, t) in the source term for δρ φ , according to the Schwinger-Keldysh approach to describe the quantum mechanical evolution of a system in a non-equilibrium state [81] [82] [83] . This term has been discussed in Ref. [84] in the context of the Boltzmann equation, and in Ref. [21] in the setting of WI. Instead of δQ φ in Eq. (3.6), we thus consider the source term
where ξ q is the Fourier transform of the stochastic noise, which follows the statistical average 
We assume that, during the slow-roll regime, the gravitational field perturbation varies slowly as [85] Ψ ≪ H Ψ, (4.9) so that, using Eq. (4.2), perturbations for the inflaton field in Eq. (4.8) are given by
We redefine the latter term in the square brackets as
where we have parametrizes the strength of Γ with respect to H, as κ = 1 when H ≫ Γ and κ = 1/2 when H ≪ Γ. With this substitution, the first line of Eq. (4.10) gives the dissipation equation presented in Ref. [31] , except for the extra term containing U φφ and U 2 φ ,
In order to solve for φ q , we switch to the variable 13) and, using the slow-roll Eqs. (4.3) in the form U 2 φ = 3H 2 U ǫ/2 and U φφ = 3H 2 η, we define ν = 3 2 (1 + R), and µ = ν 2 − 3 (κ ǫ + η). (4.14)
Eq. (4.12) is rewritten as 15) which is a second order stochastic differential equation, with solution for the field and its first derivative given respectively by
(4.16) Here, J µ (z) and Y µ (z) are the Bessel functions of respectively the first and second kind of order µ, δφ 2 and δφ 2 are arbitrary constants, and we have introduced the functions This solution generalizes the result presented in Ref. [31] to the case µ = ν, and it is valid whenever the slow-roll parameters can be considered constant.
Conclusions
We shall summarize the main points of this paper. In Sec. 2, we have revised the Boltzmann equations for an inflaton field coupled to radiation, and we have solved the system of equation numerically in the case of a quartic inflaton potential U (φ), see Eq. (2.10). In Sec. 3, we have applied the interacting fluids formalism, based on the framework given in Refs. [68, 69] and described in Refs. [70, 71] , to derive the differential equations governing the cosmological fluctuations arising during the inflationary period in Eqs. (3.11), (3.12), (3.13), (3.14). These equations have been solved numerically for a quartic inflaton potential U (φ). We give an analytical expression for δφ around the reheating period in Eq. (3.19) , which approximates the frequency of oscillation obtained with the numerical solution.
In Sec. 4, we added a stochastic source to the expression describing δφ q , which is the approach usually considered in warm inflation scenarios. In the slow-roll regime, the equation for the inflaton perturbations can be solved exactly, including the stochastic term. The solution extends the result obtained in Ref. [31] to the case in which the slow-roll parameters are not neglected in the differential equation.
